1 Why I gag on Eq.(7.3.4)

Let’s start with Eqgs.(7.3.1-3) using a simpler notation in which the change
in the action is

N oL .
51 = fte | s F @) + 5 O (P ()

If the fields obey the dynamical equations, then 6/ = 0. The global symmetry
is that

[ oo oL
0= ie /d z [W@))]ﬂ(w) + W@ﬂ(m)l . 2)

The dynamical equations imply that

o= iefre{ o ()| 71 s 9] @

or that N or - )
_ze/ x 0, FERTE) ()] . (4)

But I don’t see any conserved current here. It’s rather that the integral of
the divergence of the current

plon oL ‘
JH(z) = mf (z) (5)
vanishes
0= /d% 9,J" (). (6)

Let’s return to eq.(1):

- 1o (i) sy 07 0) o
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+ W}"K(x)aue(x)] ) (7)

The first line of this equation does not vanish because it is weighted by €(x).
So I don’t see why Eq.(7.3.4) should be true.



2 Internal Symmetry

Stationarity of the action
I= /d%; L(x), (8)

implies the dynamical equations

oL oL
o) % (a@aw(x))) )

summed over a = 0,1, 2, 3.
Let’s use the notation
OUt(x)
U (2) = : 10
(0) = (10)
We'll assume that the Lagrange density is a function of the fields and their
first derivatives

L(z)= E(\Ife(x), \Ifea(x),:c) (11)

Suppose it is unchanged

(L0 (@), ¥\ (2), 7)) = LV (2), V(x),2) = L(V(x), ¥',(z)),2) (12)

when we scramble the fields
U (z) = U(x) + d¥’ () (13)

at any point of space-time. Such an invariance is called an internal sym-
metry.
Often the tiny change dU*(z) is something like

dUt(z) = M' 0™ (2) (14)

in which M is a matrix, and (as usual) we sum over the repeated index
m. This is a global internal symmetry. But if the Lagrange density is
invariant under something like

AV (z) = ML ()T (x) + N*(z) (15)

then the symmetry is said to be local. Nature prefers local internal sym-
metries: all the interactions of the Standard Muddle are required to make
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various symmetries local. Theories with local symmetry are called gauge
theories.
It follows from the internal symmetry that

0=0L(x) = L(V*(x), V() — LV (2), V(@)

B oL £y oL £y
= o)™ I a1
Lagrange’s equations @ now imply that
oL ’ oL ¢y
° (a@fa(x»),a P B Gy Y D )
Thus the current o
a o 4 T
) = e () (18)
is conserved
0= j%(x). (19)

So internal symmetries imply conserved currents. If Lagrange’s density has
an internal symmetry, then the theory has a conserved current j*(z). The
conserved current j%(x) implies that a quantity

Q= [d (@) (20)
is conserved:

0@ = [daih@) =~ [@aji)
= surface integral at spatial infinity = 0. (21)
QED gives us an important example. With F,, = 0,4, — 0,A, the
Maxwell field tensor and ¥ the Dirac field of the electron, its Lagrange den-
sity is
1 _
L(x) = 2 Fop(2)F(x) — U(z) (720, + ieAq(z)] + m)¥(z) (22)

and it is invariant under the global transformation

U (z) = U (z) or d¥(z) = ie\¥(x) (23)



for constant A ( and e). The formula gives the conserved current apart
from the constant factor A

oL  dV(z)

0= gy = e @ (24)

and the conserved quantity is the electric charge

Q= /d3a7j0 = —e /d?’x\lf x)iy" W /d3x Tl (2)W(z). (25)

The minus sign arises because —e is the charge of the electron and has
been with us since politicians last understood science, that is, since the time
of Benjamin Franklin. Here we used the relation that defines the gamma-
matrices

-1 0 0 0

0 100
a by _ ab __

0 0 01

and the definition ¥ = U3 = Ufiy% These give U1 = Uliy%~0 = W',
Homework problems: Show that for the action density (22)) of QED,
Lagrange’s equations are Maxwell’s equations

§4+ O F* =0 (27)
and Dirac’s equation
([0 + ieAq(x)] +m) ¥(x) = 0. (28)

Also, show that the action density is invariant under the global gauge
transformation (23)).

Suppose the Lagrange density is invariant under a local symmetry like
(15). Then for every pair of functions MY (z) and N*(z), there’s a conserved
current

oL

Tin(®) = 5t ) (M} ()W () + N ()] (29)

and if these functions M¢ (z) and N*(z) are non-zero only in their own spatial
spheres, then these currents and their conserved quantities

Quy = [d* Jyn (@) (30)
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would seem to be all different. So a gauge theory apparently has an infinite
number of conserved quantities. (Wrong!)

To see what’s wrong with this argument, we return to QED whose action
density L£(z) is invariant under the gauge transformation

U'(z) = exp(ieA(x)¥(x))
A(x) = Ap(z) — OpA(x) (31)

in which A(z) now depends upon the space-time point z. In this case, the

current is
J§ = —ieXTy" T — FR90 = \j* — F*9,\ (32)

and so the conserved quantity for each localized distribution A(z) is

Oy = /d% J(z) = /d%; (A0 — F09,\). (33)

But after integrating the second term by parts, dropping the surface term,
we find that these all vanish

Oy = /d3:z: A + 8, F0) = 0 (34)
because of Gauss’s law '
P*+ 0, F° =0. (35)

which is the a = 0 Maxwell equation (27)).
Homework problem: Show that the action density is invariant under
the local gauge transformation (31]).

3 Translational Invariance

Usually, we assume that the Lagrange density depends upon the space-time
point z only thru the dependence of fields ¥,(z) upon z. Thus

oL oL
Lo(2) = =V (2) + =T (). 36
If we now invoke Lagrange’s equations @D, then we find that
oL oL
Lo2)=z=7r] V) () + -V (). 37
o) (a@&(:c)))b o) ) (37)



Thus we have

oL
0= [0 — ——— 0" (2)| . (38)
o) ],
Thus there are four currents
oL
T, = 8L — W (a) (39)
(W (x))
that are conserved
0="1", (40)

because of translational invariance. With both indices lowered, this energy-
momentum tensor is

oL

Ty, = -yt ) 41
ba 77ba£ 8(\I/£’b(x)) ,a(x) ( )
The four conserved quantities are the four-momentum operators
oL
P, = /d?’xToa — /d% <5g,c e ) . 42
o) o) 42)
The hamiltonian is
oL
H:P‘):—P:/d%(qf’fx—c). 43
0 a(\:[j7[0<x)) 70( ) ( )
The momentum is
. oL
PZ:H:—/dZ”xi\I";x. 44
oW, ) ) 44

4 Lorentz Invariance

In general, the energy-momentum tensor 7% is not symmetric, but when
it is—as it is for a theory of scalar fields—we may use it to make six new
conserved currents from the tensor

Mabc — .TbTaC - chab (45>

which by construction is anti-symmetric in its second and third indices. For
fixed b & ¢, the divergence of this tensor vanishes

M?abc — (xb Tac _ 4 Tab),a — 52 T ZL‘b r((llc o 5; Tab — x° T‘,Zb' (46)
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because by , the divergences T';" and Tf;b vanish, leaving
M =T" —T? =0 (47)

which is zero when the tensor 7% is symmetric. So the vanishing of a symmet-
ric energy-momentum tensor implies the conservation of six currents M.
The six conserved quantities

2 (48)

are the six generators of the Lorentz group.
When second and third indices are spatial, then the conserved quantities
are the generators of rotations

e (9

that is, they are the angular-momentum operators. Before working out
what the other three “boost” operators are, let’s find a symmetric energy-
momentum tensor ©%. The energy-momentum tensor that is the source of
the gravitational field must be symmetric.

Under a Lorentz transformation

2 = A b (50)
the four-volume element is unchanged
d*z’ = d*z. (51)

If U(A) is the unitary operator that implements a Lorentz transformation A,
then a field U¥(x) transforms as

U (x) = UN)T (2)UH(A) = D) (A1) T™(Ax) (52)

apart from a possible gauge transformation in the case of massless spin-one
(or spin-two) fields.
If the Lorentz transformation is infinitesimal

A% = 0% +wh



then the change in the field ¥’ is

S = %wab (Jup)’, W™ (54)
apart from the change in its argument from z to 2’ = Az. The (script-J)
matrices J,, generate the Lie algebra of the representation of the Lorentz
group

[jmna \77’8] = Zu7rnnms - ijsnnmr - ijmsnnr + ijmrnns (55>

appropriate to the field .
The matrices J,,, are all zero for a field of spin-zero. For a Dirac field,
they are commutators of gamma matrices

7

J 4

™" (56)
as noted in Eq.(5.4.6). For a covariant vector field, they are
(\ZS)lf =~k 5ﬁ + s 65 (57)

because, apart from a possible gauge transformation, the change in a covari-
ant vector field is
Vo = w, V. (58)

The derivative of a field transforms like but with an extra covariant
vector index

1
50, = 5w“b (Tat)' U+ w W (59)

Under a Lorentz transformation, the action density £(x) transforms as a
scalar

L'(x) = UM L(x)UHA) = L(Ax) (60)
and so the changes proportional to w in & must cancel
oL i ¢ oL i 4 ¢ é]
- _ a ‘Ilm o _,al \Dm C\I] . 1
owt 2w (jab)m + a\ijk [Qw (jab) m .k + Wy, ,C (6 )

Since w,© = Nrw®, the anti-symmetry of w® implies that
1 1
ch‘p,gc = Ukawabq’,fb = §nkawab\1j7€b - 577kawbaq’,zb

1 1 1
— §nkaw“b\11ﬁ, — inkbwabmfa = iwab (nkaqfﬁ, — nkbxl/fa) . (62)
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Setting the coefficient of w® equal to zero gives

0L oL

m . OL m
0= ZW (jab)f;L v+ ZaTZk (jab)gm \Ij,k + aTgk (nkaqub - nkbqj,ga) . (63>
The dynamical equations (9) now imply
Toc 1 e
0= guy 8] g (mvhonerl) 6
o oL o oc
: ¢ Gm ¢ ¢
0=1 laqﬂk (jab) m v ] i + OWha \I],b - OWhb \D,a‘ (65>

Using our formula (41)) for the naive energy-momentum tensor, we may write
this as

oL ¢
=1z wrr — Th.
0 ? [5\117[,6 (jab) m ‘| . ab T Lba (66)
Thus or
Ta = Ta — 1| == a ¢ y
b b— 1 [@Iﬂk (Tab) 1y 1 ) (67)
and so we may symmetrize Ty, by forming the symmetric combination
1 v | 0L ¢
{ab} 2 ( ab T ba) ab 9 [awfk (jab) m ] . (68)

But we must keep the divergence T’ {ab} equal to T 2 which vanishes. We
can do that if we can make the quantity inside the square brackets anti-
symmetric in a and k. Belinfante solved this puzzle by subtracting two
terms that together are symmetric in ab (so as not to spoil the symmetry in
ab). The first of these terms makes the first two of the three terms inside
the square brackets anti-symmetric in a and k; the second of these terms is
anti-symmetric in a and k because J** is:

ab __ rab i a‘c ab ¢ m a[’ kb ¢ m a[’ ka ¢ m
0% =T _Q[aq;fk (‘7 )mqj _a\pfa (‘7 )m\Ij _3‘% (‘7 >mqj
(69)
Belinfante’s energy-momentum tensor is symmetric
0% = g (70)



and has the same vanishing divergence as does the naive energy-momentum
tensor
b b
o0y =T, =0. (71)

Thus we can use ©% as the source of gravitation and also to make the six
conserved currents

Mabc — xb@ac o xce)ab (72)
as we did in the case in which 7% is itself symmetric. As before ,

these six currents are conserved
b
M?ac =0 (73)

because O is symmetric and has no divergence ©% = 0.

Of the six conserved quantities, the three that are most useful are the
generators J% of rotations . These angular-momentum operators seem
very complex

Jﬁzzfﬁwwwz/fx@@w—ﬂwﬁ (74)
= /d3x xiTOj — T
) L’W (g), v - a\w (7 b) - aqﬂ (‘7 “) \Ijm] "

' oL . oL .
Zgj L(N/,gk (j(”)em v ok, (jkl)ém - (9\1/5 (jkoym \I]m] k} .

But the integration is spatial. And the quantities inside the square brackets
vanish for k& = 0 because the first two terms cancel and because J% = 0 due
to its anti-symmetry

oL

0 = aw%(jm)in@m a\I,E(J'OJ) o — @WE(J“%inwm (75)
oL | .,
0 = v, (7 Oz)zm - a\PK (J 0‘) - W (JOO)ZW ™, (76)

So if we integrate by parts and drop the surface terms, then we find

/ d*x {2'T% — I T (77)
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n ? [ oL <j0j)€ ym oL (jij)gm ym oL <jf(,l>/’m \Dm,‘|

2 |0 mo QU - oY
L OL oot om . OL e am OL NG o
N 2 [(‘)\Iﬂ/ <j ) m = a\II’ZO (j ) m - a\IJ[L <j ) m v '
The like-colored terms cancel each other, and so
g o Ny oL NV
7 3 170 02 . 1 m
Jﬂ_/dx[fo—xJT —zaq]ﬁ)(J])m\If 1 (78)

By using our formula (41)) for the naive energy-momentum tensor, we may
express the angular-momentum operators as

. oL ) oL . oL Y
i 3 = £j J li i m
J /dx[ P o Y g Y i (79 w ] (79)
or more simply as
. oL ) ) L Y
i 3 PN 24 i . ) m
J”—/dma(q%){xﬁ/]—kxhll z(jj)m\ll}. (80)

Canonical fields are ones whose time derivatives appear in the action
density. Weinberg often writes such fields as )”. The canonical momentum
P, of a canonical field Q" is

_ L)
" 9Q()

and it does not vanish identically—as it would were there no Qfo in £. Canon-
ical fields are easier to deal with than non-canonical fields because they do
not present constraints like P* = 0. It it therefore fortunate that the angular-
momentum operators involve only canonical fields

P, (x)

(81)

o /d% P {_giQ”J b Qi (fj)”m Qm} , (82)
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